We discuss the choice of bunch length and crossing angle near the beam-beam limit in a storage-ring collider. First, we derive expressions for the tune shifts of either bunched or continuous round beams which are induced by a single collision with arbitrary crossing angle and bunch length, and for the associated luminosities. Then, considering two collision points with alternating planes of crossing, we demonstrate that, if the total beam-beam tune shift is held constant, the collider luminosity increases as a function of bunch length and crossing angle. This implies a corresponding increase in the bunch intensity. As an illustration, we present numerical examples for an LHC upgrade and for the VLHC.
Introduction
Beam-beam tune shifts [1, 2] and luminosity [3] for coasting beams colliding under a small crossing angle have been derived in the early days of the CERN Intersecting Storage Rings. Most of the analyses at that time considered round beams, but included the variation of the beta functions around the collision point. The luminosity for the collision of beams of finite length with zero crossing angle was computed during the same period at SLAC [4] , and, including a nonzero crossing angle, at LBL [5] . Luminosity formulae for a variety of cases were compiled in Ref. [6] . A compact expression for zero crossing angle can be found in Ref. [7] . The report by B. Montague [2] extended the treatment of the beam-beam tune shift also to flat beams and nonzero dispersion. The effect of a finite bunch length on the beam-beam interaction of round beams was studied by S. Krishnagopal and R. Siemann in Ref. [8] . They found that due to the finite bunch length the Fourier coefficients in the beam-beam Hamiltonian are suppressed by a Gaussian form factor. During the design of the B factories, it was pointed out by K. Hirata that a large crossing angle can be beneficial for the collision of bunched electron-positron beams [9] . Even more recently, the collision of long proton 'superbunches' (much longer than
¢ ¡ £ ¥ ¤ ¦
) with a large crossing angle was suggested as a means to attain higher luminosity in future hadron colliders [10] .
In this paper, we first derive a general expression for the tune shift of round beams of arbitrary bunch length colliding under an arbitrary crossing angle in a single collision point. In the limit of small crossing angles and for coasting beams, the formula obtained reproduces the earlier results [1, 2] . We then present an expression for the total beam-beam tune shift for a colliding-beam storage ring with two interaction points (IPs) in which the (round) beams are crossed horizontally and vertically, respectively. We next derive expressions for the luminosity, again considering an arbitrary bunch length and crossing angle. Comparing the parameter dependence of the total tune shift with that for the luminosity, we conclude that, if a collider operates near the beambeam limit, the luminosity can be raised by a simultaneous increase in the product of crossing angle and bunch length, and in the bunch intensity (see Eqs. (21) and (29)), while it is independent of the emittance. In the appendix, we describe a recipe for computing the tune shift for a particle at an arbitary betatron amplitude and the associated tune footprint in the tune diagram, for both bunched and continuous beams. Although we do not explicitly consider parasitic beam-beam encounters (for bunched beams), their effect could be computed as well using the formalism presented here.
We illustrate our discussion by numerical examples for possible upgrade scenarios of the Large Hadron Collider (LHC) [11] , presently under construction at CERN, and for the Very Large Hadron Collider (VLHC) [12] , proposed in the US.
In the following, we use the coordinate system depicted in Fig. 1 . The coordinates with asterisk refer to the frame aligned in the direction of the 'strong' beam, those without asterisk to the reference frame of the 'weak' beam, for which the tune shift is to be calculated. Throughout this paper, we consider ultrarelativistic beams whose energy is much larger than their rest mass. . The¨¡ coordinate with asterisk is aligned with the axis of the 'strong' beam, but points opposite to its direction of motion. The¨coordinate without asterisk refers to the frame of the 'weak' beam for which the tune shift is to be calculated. The two frames are related via a rotation in the¨© plane by the angle § . The vertical ( ) axis is perpendicular to the plane drawn and identical in the two coordinate systems.
is the transverse rms beam size, which varies with the longitudinal position¨. If the colliding beams were flat instead of round, Eqs. (1) and (2) would need to be replaced by more complicated expressions involving the complex error functions and the two rms transverse beam sizes [13] . This would add considerable complexity to the calculation and, more importantly, it would prevent a simplification and cancellation between the two planes which appears essential to our scheme of raising the luminosity. In the following, we will consider only the collision of round beams, which is described by Eqs. (1) and (2) .
In the case with crossing angle, say in the horizontal plane, we must apply a coordinate transformation to the weak-beam frame (without asterisk): Figure 1 shows a schematic of the two coordinate systems. The associated transformations of the electric and magnetic fields are
and, thus, the forces acting on a particle in the weak beam are
and
For ease of notation we define the coefficient (2), (8) , and (9), we can now write the acceleration of a particle in the weak beam as
The tune shift is obtained by integrating the transverse derivative of the force times the corresponding beta function over the longitudinal direction¨, namely
where we assume that the beams are separated or shielded from each other at distances larger than B '
from the interaction point. Computing the above derivatives yields
Inserting this into the preceding equations, and assuming
denotes the beta function at the collision point (no quadrupole magnets over the length of the beam-beam interaction), we obtain the final expressions for the tune shift of two round coasting beams, or long 'superbunches', colliding under a horizontal angle § :
For § ! the formulae (13) agree with those quoted by E. Keil in Ref. [3] . If we add the horizontal and vertical tune shifts, the first term in the expression for @ £ almost cancels the full expression for @ ¦
, apart from a factor
. For small crossing angle, the sum of the two tune shifts is determined by the last term in @ £ , which is proportional to
. This cancellation between the terms describing the horizontal and vertical tune shift, respectively, has an analogue in the first order compensation of the linear tune shifts from (parasitic) long-range collisions for bunched beams, which occurs if at two (or more) interaction points the two beams are crossed alternatingly in the horizontal and vertical plane [14, 15] .
As an aside, in the case of flat-beam collisions it is difficult, if not impossible, to achieve a similar cancellation between two collision points, since, in general, the emittances, beta functions, and beam sizes are different in the two planes, and, in addition, the latter two vary differently with the longitudinal position¨. For a related reason, the tune shifts of bunched flat beams which arise from long-range collisions differ by a factor w E ¦ B E £ in the horizontal and vertical plane [16] . Therefore, the long-range tune shifts of flat beams cannot be compensated by alternating the plane of the beam crossing.
The expression for the tune shift in the case of bunched beams of Gaussian profile is similar to the previous result. However, we must take into account that the density of the opposing beam now varies as
As a consequence, both £ and ¦ must be multiplied with
, and the expressions
Note that now there is an additional term in the expression for £ B ©
. The other difference to the coasting-beam case is that the field of the opposing beam is encountered only over a finite length and not over the full interaction region, which gives rise to the form factor { )¨ 2 1
. The expressions for the tune shift become
where now denotes the peak line density, i.e.,
for the Gaussian bunch, and
. Again we observe the cancellation, up to a residual term proportional to
, of the first term in the expression for @ £ against the full expression for @ ¦ . The effect of parasitic long-range encounters on the tune shift could be taken into account, by including the corresponding bunches in the form factor { )¨ 2 1
, so as to represent a series of bunches encountered at different longitudinal positions.
Tune Shift for Two Alternating Crossings of Two Round Beams
If there are two interaction points in the ring, and the beams cross one time under a horizontal crossing angle § , and the other time under a vertical angle § , the total tune shift @ e a is the same in both planes, and simply given by the sum of @ £ and @ ¦ in Eq. (13) or Eq. (17), respectively. From (13) we obtain, for coasting beams or superbunches,
which can also be rewritten as
denotes the error function. The analagous expression for Gaussian bunches follows from (17) ,
The integral can again be expressed in terms of error functions, but the result is more complex and we omit it here.
As an example, we consider the case of Gaussian bunches, with a small crossing angle (so that
, and with a bunch length that is much shorter than the IP beta function ¢ ¡ , but much larger than ( ¡ . In this case, formula (19) simplifies 
, which is known as the Piwinski parameter. Indeed, the limiting case, Eq. (20), agrees with the result of Piwinski [17] .
Using
(22) In the same limit, the formula for the luminosity (see Eq. (30) below) shows exactly the same dependence on emittance, bunch length, and crossing angle. Thus, for a constant total beam-beam tune shift the luminosity can only be raised by increasing the bunch population or reducing ¡ , with an implied simultaneous increase of bunch length or crossing angle.
Luminosity for Continuous and Bunched Beams
For the luminosity only collisions occurring within a region
are of interest, where j £ Y ¤ } denotes the effective length of the detector. The luminosity is computed by convolving the two 3-dimensional distribution functions for the two colliding bunches or beams, § 7
and § , both in time and in space:
The factor
in front of the integral arises from the relative velocity of the two beams [18, 19] . It is equal to
. We here ignore the contribution to the relative velocity arising from the angular spread of the beam, which results in a negligible correction [5] .
Consider first the case of round Gaussian bunches, for which § 7
and § are given by the function § ¡ ¶ )
where · ! 3 '
. After integrating over , , and
For a small crossing angle, § ! , this simplifies tö
Further considering the case of Gaussian bunches with an rms bunch length much shorter than the IP beta function (negligible hourglass effect) and the detector length, and an IP beam size much smaller than the bunch length, the expression of Eq. (26)
(27) The luminosity reduction factor due to the crossing angle is the same as that for the beam-beam tune shift in Eq. (20) . We can thus use Eq. (20) to re-express the equation for the luminosity (27) in terms of the beam-beam tune shift. Assuming
which shows that with constant beam-beam tune shift @ the luminosity increases for larger crossing angles and longer bunches. The constant beam-beam tune shift implies, e.g., that the bunch population is increased simultaneously, in proportion to the luminosity.
Long-range parasitic collisions may reduce the dynamic aperture and can also enhance the tune footprint at large betatron amplitudes. The complete tune footprint could be computed by including the parasitic bunches of the opposite beam in the density function
of Eq. (19) . The strength of the long-range force increases for larger bunch populations, but it is reduced for a larger crossing angle. Therefore, if the parasitic collisions have a serious impact, for the luminosity optimization it might be advantageous to increase the crossing angle rather than the bunch length. More specifically, in order to ensure that the long-range effects are not aggravated, the crossing angle should be increased at least in proportion to the square root of the bunch population.
Equation (28) can be rewritten in terms of the normalized emittance
where we have assumed
Examples: LHC Upgrade and VLHC
The nominal LHC parameters [11] assume an rms bunch length ( z of 7.7 cm, a crossing angle § of 300 À rad, and a transverse rms spot size
m. According to our above calculation we expect that the luminosity can be increased by increasing either the crossing angle or the bunch length, if we maintain a constant beam-beam tune shift by raising the bunch intensity.
We can compute the relative increase in luminosity¨and bunch population and¨, or we can alternatively evaluate the more accurate Eqs. (19) and (25), varying either the bunch length or the crossing angle, and always keeping the total beam-beam tune shift constant.
The result is shown in Fig. 2 . Increasing the product
by a factor of ten yields an increase in the bunch population and in the luminosity by more than a factor of 5.
The analogous calculation can be applied to the Very Large Hadron Collider (VLHC) [12] . The beam-beam tune shift for the first stage of the VLHC is quite modest, about
for each of two collision points. It is unlikely to limit the machine performance. The situation is different in the second stage of the VLHC, where the emittances will rapidly shrink due to radiation damping, and where a beam-beam tune shift of the order of 0.008 per IP may be reached after a few hours of collisions. We estimate that in the VLHC-II a quasi-stationary equilibrium between intra-beam scattering and radiation damping is reached when the rms transverse beam sizes at the collision point and the rms bunch length have decreased to about 0.7 À m and 1.5 cm, respectively [20, 21] . Taking these numbers as the nominal values, and also assuming the VLHC design crossing angle of 10 À rad, we then compute the curves displayed in Fig. 3 . Since the initial product of bunch length and crossing angle divided by the transverse rms beam size is smaller than for the LHC, a larger increase in bunch length or crossing angle is required, in order to obtain the same increase in luminosity. The nominal VLHC-II bunch population is small, only about
, and, hence, it can conceivably be raised, in proportion to the luminosity (vertical axis in the plot) so as to follow the curve in Fig. 3 . Note that a longer bunch length also reduces the intra-beam scattering, an effect which has not been included in Fig. 3 .
From our discussion it is clear that bunch length and crossing angle are important beam parameters whose control and adjustment during the store will not only render the operation of a future colliders much more flexible, but may also substantially increase the integrated luminosity. , starting from the quasi-equilibrium state between radiation damping and intra-beam scattering [20, 21] as estimated for the stage-II VLHC parameters [12] , - 
Conclusion
In this report, we have derived general analytical expressions for the beam-beam tune shift of round Gaussian bunches or superbunches of arbitrary length colliding under an arbitrary crossing angle and for the associated luminosities. The tune-shift formulae are strictly valid in the ultrarelativistic limit where the electro-magnetic field is perpendicular to the direction of the beam propagation.
The expressions which we have obtained suggest that the luminosity of a collider can be raised by simultaneously increasing the bunch population and the product of bunch length and crossing angle, while maintaining a constant beam-beam tune shift. The increase in the crossing angle or bunch length differs from the conventional design approach.
We have illustrated our recipe by numerical examples for a possible LHC upgrade and for the VLHC, indicating potential gains in luminosity by a factor of 5.
The corresponding formulae for the collision of flat beams would be more complicated than the round-beam equations presented in this report. For flat beams the total tune shifts are not significantly reduced by employing two collisions points with alternating crossing, and, in particular, the expressions for the total tune shifts do not simplify in the same way as in the case of round beams. As a consequence, for flat beams the potential luminosity gains from increasing the crossing angle or the bunch length are likely to be smaller than those for round beams.
A Tune Shift with Amplitude
An alternative, more general approach of computing the beam-beam tune shift, including its dependence on the transverse amplitude, starts from the beam-beam potential in action-angle variables. In first-order perturbation theory, the effective potential determing the tune shifts can be computed by integrating the local beam-beam potential over the longitudinal coordinate¨. The local potential itself is obtained by integrating the beam-beam force in radial direction. Specifically, considering a particle with arbitrary longitudinal position, i.e., which collides with the center of the opposing beam at position¨G , the effective potential reads
is the transverse geometric emittance, and, for a Gaussian bunch,
was defined in Eq. (15), whereas for a superbunch
. We have normalized the potential Ê such that the azimuthal angle around the storage ring would be the associated time coordinate.
The tune shifts are now obtained by differentiating the effective potential Ê with respect to the two action variables and averaging over the angles, i.e.,
where the angular brackets denote an average over the angle variables 
Typical tune footprints obtained by solving Eq. (34) numerically for a possible LHC upgrade using superbunches are shown in Fig. 4 . In order to compute the tune shift of a particle at the head or tail of a superbunch, e.g., a particle which experiences the field of the other beam only between B '
andvÖ Ø × Ù ¥ B '
, the upper limits of integration in Eqs. (36) and (37) must be adjusted accordingly. 
